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Abstract
The possibility of optical tomography applying to investigation of a two-dimensional and a three-dimensional stressed state
in single cubic crystals has been studied. Stresses are determined within the framework of the Maxwell piezo-optic law (linear
dependence of the permittivity tensor on stresses) and weak optical anisotropy. It is shown that a complete reconstruction of stresses
in a sample is impossible both by translucence it in the parallel planes system and by using of the elasticity theory equations. For
overcoming these difficulties, it is offered to use a method of magnetophotoelasticity.
Copyright © 2015, St. Petersburg Polytechnic University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Vector and tensor field tomography makes a number
of new and interesting nondestructive methods possible:
polarimetric tomography of magnetic field in the toka-
mak plasma, measuring of electric field distribution in
dielectric liquids on the basis of optical Kerr effect to-
mography, tomography of fluid flow. Interest in optical
tensor field tomography has been simulated primarily
by the possibility of applying integrated photoelastic-
ity to the stress analysis of apparent models [1]. Resid-
ual stress is one of the most important characteristics
of glass articles from the point of view of their strength
and resistance [2]. In the case of optical glass, birefrin-
gence due to the residual stresses characterizes the opti-
cal quality of the article [3].∗ Corresponding author.
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(Peer review under responsibility of St. Petersburg Polytechnic University).Integrated photoelasticity refers to polarization–
optical methods of experimental mechanics that use
tomographic measurement techniques. These methods
measure the variation in parameters of polarized beam
transmitted by a model under study [4]. In certain cases
distribution of some stress components can be deter-
mined using this integrated optical information. Gen-
erally, it is impossible to achieve a complete recon-
struction of stresses by translucence it in the system of
parallel planes and using the equations of the elasticity
theory [5]. The magnetophotoelasticity method (MPE)
for overcoming this difficulty is to use additional mag-
netic field [6,7]. In this new measurement method, the
model under study is subjected to a homogeneous mag-
netic field and is irradiated by light propagating along
this field. The polarization plane of the light beam ro-
tates in the sample due to the Faraday effect. Until to-
day MPE has been used for the measurement of bending
stresses in plates [8] and residual stresses in glass plates
[9]. Tomographic application of MPE method is basedion and hosting by Elsevier B.V. This is an open access article under
0/).
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sor fields [10,11]. Algorithms for the reconstruction of
the attenuated vectorial Radon transform [12,13] give an
opportunity for investigation in nonhomogeneous mag-
netic field.
Polarization–optical methods are commonly used for
investigation of physical properties of crystals [14,15].
Two-dimensional photoelasticity permits easy determi-
nation of stresses (which are constant through the thick-
ness) in crystal plates [16]. Compared with isotropic
objects, the application of the integrated photoelastic-
ity becomes much more difficult in the case of single
crystals due to the occurrence of natural anisotropy [17].
The first difficulty is associated with non-coincidence of
the quasi-principal directions of the stress tensor and the
permittivity tensor [18]. The second difficulty is con-
nected with the problem in the theory of elasticity which
is described in [19,24]. In the case of plane elastic strain
residual stresses in a cubic single crystal can be recon-
structed completely by using the method of the inte-
grated photoelasticity [20].
The aim of this paper is to generalize the results of
the parametric tensor tomography to the case of cubic
single crystals.
2. Integrated photoelasticity
In integrated photoelasticity method the specimen is
immersed in immersion bath and a beam of polarized
light is passed through the specimen. In stress-free sit-
uation a cubic single crystal is optically isotropic and
birefringence due to the residual stresses can be mea-
sured by the tomographic method. In the general case,
the direct problem of light propagation in an inhomoge-
neous anisotropic medium is rather complicated, but in
case of weakly birefringent media it is simplified.
We will introduce an orthogonal system of coordi-
nates x, y, z and direct the axes of this system along the
[1 0 0], [0 1 0] and [0 0 1] crystallographic directions.
Additionally, we will introduce an orthogonal system of
coordinates s, t, z which is rotated with respect to the
initial system by an angle  in the plane x, y. Direc-
tion of translucence coincides with the direction of the
t-axis. Propagation of polarized light through a weakly
birefringent media is governed by the following equa-
tions [4,6,7]:
dE
dt
= −iCPE,
C = ω
2c√χ ,
(1)where
E =
(
Ez
Es
)
,
P =
⎡
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1
2
(χzz − χss) χzs
χzs
1
2
(χss − χzz)
⎤
⎥⎦ .
Here Ez, Es denote the components of the electric
vector, c is the light speed, ω is the frequency, χ is
permittivity of the stress free media, χ zz, χ zs, χ ss are
components of the permittivity tensor induced by the
residual stresses. The matriciant of Eq. (1) (Jones ma-
trix) (γ , α0, α∗) can be expressed via its characteristic
parameters: γ is the characteristic phase difference, α0
is the initial characteristic direction, α∗ is the secondary
characteristic direction. In the case of a slow rotation
of quasi-principal directions along the light propagation
direction these parameters are related to the components
of the dielectric tensor through the relationships
2γ cos(α0 + α∗) = C
∫
(χss − χzz)dt = T1(s, θ );
γ sin(α0 + α∗) = C
∫
(χzs)dt = T2(s, θ ).
Equations of photoelasticity of a single cubic crystal
[14] are the following:
χss − χzz = e1σss + e2σtt + e3σzz + e6σst;
χsz = π44σsz; (2)
they contain the fourth-order elastic–optical tensor π ik
e1 = (π11 − π12) − (π11 − π12 − π44) sin
2(2θ )
2
,
e2 = (π11 − π12 − π44) sin
2(2θ )
2
,
e3 = −(π11 − π12),
e6 = −(π11 − π12 − π44) sin(4θ )2 .
The essential difference of a problem under study
from a problem for an isotropic medium is the presence
of the second addend σ tt in the Eq. (2). This fact consid-
erably complicates the solution of the problem. At first,
an algorithm of determining the residual stress in long
cubic crystal (the assumption of plane deformation) will
be presented. Then, the application of the parametric to-
mography to the reconstruction of stresses in the com-
mon case will be considered.
3. Reconstruction of stresses in case of plane strain
deformation
A cylindrical crystal without axial stress gradient is
illuminated in the plane z = const. The components σ sz
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the quasi-principal directions of the permittivity tensor.
Thus, the problem of the optical tomography is simpli-
fied and only characteristic phase differences
2γ =
∫
E1σss + E2σtt + E3σzz + E6σstdt = T1(s, θ ),
Ei = Cei (3)
are measured on the ray.
The optical relation (3) is complemented by equa-
tions of the elasticity theory: equations of state, equi-
librium equations, compatibility equations. The residual
stresses are considered to be of thermal character:
σxx = C11εxx + C12(εyy + εzz) − αT,
σyy = C11εyy + C12(εxx + εzz) − αT,
σzz = C11εzz + C12(εxx + εyy) − αT,
σik = 2C44εik, i = k, i, k = x, y, z. (4)
Here Cik are the coefficients of the elasticity, α is the
coefficient of thermal expansion, T is fictitious temper-
ature, and εik are the components of the strains tensor.
In the case of the plane strain deformation εiz = 0,
and from Eqs. (4) it follows
εxx = σxx − σzzC11 − C12 , εyy =
σyy − σzz
C11 − C12 , εxy =
σxy
C44
.
Inserting the components of strain into the equation
of compatibility
∂2
∂y2
εxx + ∂
2
∂x2
εyy = 2 ∂
2
∂x∂y
εxy
and expressing the components of stress through the
Airy function
σi j = δi jF − ∂
2F
∂xi∂xy
one can obtain
∂4
∂x4
F + (C11 − C12)
C44
∂4
∂2x∂2y
F + ∂
4
∂y4
F = σzz.
This equation can be written in more suitable form
[20]:
12F = k1 + k (1 + 2)σzz, (5)
where
1F =
(
∂2
∂x2
+ k ∂
2
∂y2
)
F, 2F =
(
k
∂2
∂x2
+ ∂
2
∂y2
)
F,
and k is a solution of the equation
k2 − C11 − C12
C44
k + 1 = 0.This equation is based on the fact that the Airy func-
tion F and its normal derivative F/n are equal to zero
in the load free conditions on the lateral surface.
If the distribution of σ zz is described only by har-
monic functions, the other stress components do not de-
velop in a cylinder. The same situation takes place in the
case of an isotropic cylinder [21].
General solution of Eq. (5) can be written as the
sum of functions F = F1 + F2 which must satisfy the
equation
1
(
2F2 − G1 − k1 + kσzz
)
+2
(
1F1 − G2 − k1 + kσzz
)
= 0, (6)
where iGi = 0.
We can write Eq. (6) as a system of the following
equations:
2F2 = k1 + kσzz + G1, 1F1 =
k
1 + kσzz + G2,
12(F2 − F1) = k(k − 1)1 + k
(
∂2
∂x2
− ∂
2
∂y2
)
σzz.
The boundary conditions for Fi give the integral
equation for the determination of the Gi∫∫
s
G1a(σzz + G2)ds = 0,
∫∫
s
G2a(σzz + G1)ds = 0.
Here G1a, G2a are arbitrary solution of correspond-
ing equations iGia = 0.
At last the line integral (3) can be simplified by using
the Airy function:∫
σssdt =
∫
∂2
∂t2
Fdt =
∫
σstdt = −
∫
∂2
∂s∂t
Fdt = 0.
Thus, residual stresses can be determined from the
partial solution of the Eq. (5) and the ray integral equa-
tion is
E2
∫
∂2
∂s2
Fdt + E3
∫
σzzdt = T1(s, t).
The numerical solution of this system of equations is
not considered as it is connected with the peculiarities
of the measurements.
4. Application of the MPE method to the full
determination of stresses
In the case of an arbitrary distribution of inter-
nal stresses in a sample, the number of variables
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nificantly more complicated. In this case it is impossible
to achieve a complete reconstruction of stresses by using
only the equations of the elasticity theory. We apply the
additional homogeneous magnetic field along the light
propagation direction and measure the angle of rotation
of the polarization plane due to the Faraday effect. The
following two integrals can be determined using the po-
larization measurements [6,7]:∫
(E1σss + E2σtt + E3σzz + E6σst )eβtdt = T1(s, θ, β)
∫
E4σzseβtdt = T2(s, θ, β), E4 = Cπ44.
Here, β = V H and V is the Verdet constant, H is
the intensity of the magnetic field strength. The com-
ponents of stress tensor must satisfy the equilibrium
equations. The solution of these equations can be ex-
pressed through the stress functions [7,22]. According
to the Helmholtz theorem, the two-dimensional vector
field defined over xy plane can be represented as a sum
of an irrotational (potential) field and of a solenoidal
one:
σzx = ∂
∂x
τ + ∂
2
∂y∂z
N, σzy = ∂
∂y
τ − ∂
2
∂x∂z
N.
Similarly, a two-dimensional symmetric tensor field
defined over a plane xy can be expressed in terms of the
three potentials:
σxx = − ∂
∂z
τ + 2 ∂
2
∂x∂y
N + ∂
2
∂y2
F,
σyy = − ∂
∂z
τ − 2 ∂
2
∂x∂y
N + ∂
2
∂x2
F,
σxy = −
(
∂2
∂x2
− ∂
2
∂y2
)
N − ∂
2
∂x∂y
F.
(7)
The stress functions must satisfy the following
equations(
∂2
∂x2
+ ∂
2
∂y2
)
oˆ = − ∂
∂z
o´zz,
(
∂2
∂x2
+ ∂
2
∂y2
+ ∂
2
∂z2
)
N = 0.
Tomographic reconstruction of shear stresses σ zi in
the xy plane, based on the values of the path integral T2,
is reduced to determining a 2D vector field and, accord-
ing to the Helmholtz theorem to finding its solenoidal
N and potential τ components. The algorithm of recon-
struction of these components in the case of the mag-
netophotoelasticity was given in [6,7,10] and, the moregeneral case of the attenuated vectorial Radon transform
was given in [12,13]. Once the potentials τ and N are
known the other stresses can be reconstructed if we find
F and σ zz. Using representation (7), we can transform
path integral T1(s, θ , β) by integrating in parts:
T1(s, θ, β) = E1β2
∫
Feiβtdt + E2
∫
∂2
∂s2
Feiβtdt
+ E3
∫
σzze
iβtdt + iE6β
∫
∂
∂s
Feiβtdt + T0(s, θ, β)
Here, T0(s, θ , β) is the function, containing known
potentials τ , and N. Thus, by using the measurements
at β = 0, and β  0, we have the system of the ray inte-
grals, which allow one to fully recover the tensor field.
5. Summary
The majority of investigations in the tensor stress
field tomography are devoted to isotropic articles. In this
paper we demonstrate the opportunities and difficulties
of the integrated photoelasticity in the case of cubic sin-
gle crystals. Reconstruction of the residual stresses in
both cases is connected with the solution of the system
of equations. In the case of the isotropic model this sys-
tem can be solved step by step. In the second case the
same equations cannot be separated, and they should
be solved simultaneously. One of the drawbacks of the
magnetophotoelasticity is the need for very precise opti-
cal measurements since the Faraday effect is very small.
The using of multiple reflections is one of the possibili-
ties to overcome this difficulty [23].
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